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HYDRODYNAMIC LIMIT FOR THE GINZBURG-LANDAU ∇φ
INTERFACE MODEL WITH NON-CONVEX POTENTIAL
JEAN-DOMINIQUE DEUSCHEL, TAKAO NISHIKAWA, AND YVON VIGNAUD
Abstract. Hydrodynamic limit for the Ginzburg-Landau ∇φ interface model was es-
tablished in [12] under the Dirichlet boundary conditions. This paper studies the similar
problem, but with non-convex potentials. Because of the lack of strict convexity, a lot of
difficulties arise, especially, on the identification of equilibrium states. We give a proof
of the equivalence between the stationarity and the Gibbs property under quite general
settings, and as its conclusion, we complete the identification of equilibrium states un-
der the high temparature regime in [2]. We also establish some uniform estimates for
variances of extremal Gibbs measures under quite general settings.
1. Introduction
We consider the large scale hydrodynamic behavior of the the Ginzburg-Landau ∇φ
interface model. This is an effective interface model, describing the stochastic dynamic
of the separation of two distinct phases.
The position of the interface is described by height variables φ = {φ(x) ∈ R; x ∈ Γ}
measured from a fixed d-dimensional discrete hyperplane Γ. Here, we will take Γ = ΓN :=
(Z/NZ)d when we consider the system on a discretized torus with the periodic boundary
condition, or Γ = DN ⊆ Zd when we consider the system on the domain Γ with Dirichlet
boundary condition. DN is a microscopic domain corresponding to a given macroscopic
domain D ⊂ Rd which is bounded and has a smooth boundary. See Section 2 for the
precise definition.
The corresponding Hamiltonian H(φ) on Γ for given height variable φ is of the form
H(φ) =
1
2
∑
x,y∈Γ,
|x−y|=1
V (φ(x)− φ(y)) +
∑
x∈Γ,y∈ZdrΓ,
|x−y|=1
V (φ(x)− φ(y)),
with a symmetric function V ∈ C2(R). The Langevin equation associated with H is given
by
dφt(x) = −Ux(φt) dt+ dwt(x), x ∈ Γ,
where Ux(φ) in the drift term is defined by
Ux(φ) :=
∂H
∂φ(x)
(φ) ≡
∑
y∈Zd; |x−y|=1
V ′(φ(x)− φ(y))
and {wt(x); x ∈ Γ} is a family of independent copies of the one dimensional standard
Brownian motion.
The aim of this paper investigate and identify the hydrodynamic limit of φt at diffusive
scaling, that is, N2 for time while N for space. In the case of a strictly convex potential
1
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V for which there exist two constants c+, c− > 0 such that
c− ≤ V ′′(η) ≤ c+, η ∈ R. (1.1)
the hydrodynamic limit has been established for periodic lattice ΓN in [7] and for dis-
cretized domain DN with Dirichlet boundary conditions in [12]. In particular, the corre-
sponding macroscopic motion is identified as the solution of the nonlinear partial differ-
ential equation
∂h
∂t
= div {(∇σ)(∇h(t, θ)} , θ ∈ D, t > 0,
where the surface tension σ : Rd → R is defined via thermodynamic limit.
In these results, the condition (1.1) plays an essential role in the analysis for the stochas-
tic dynamics φt, especially, in the identification of equilibrium states and the establishment
of the strict convexity of σ. The our aim in this paper is to prove the hydrodynamic limit
without the strict convexity assumption (1.1), see Assumptions 2.1, 2.2 and 2.3 for details.
Our motivation comes from recent results in [2] and [3] where both strict convexity of
the surface tension and identification of the extremal gradient Gibbs measures hold, for
non-convex potential V at sufficiently high temperature.
In the case of the dynamics on the torus ΓN , the limit follows quite simply from ad-
ditional estimates. However, for the dynamics on the discretized domain DN with the
Dirichlet boundary condition, the derivation is much harder, since we can not use the
relative entropy and entropy production. The main step then is to characterize the set
of stationary measures for the gradient field associated with the infinite system of SDEs,
which is essentially used in order to establish local equilibrium as in [12] without using
the relative entropy and the entropy production.
In case of strictly convex V , the structure of the translation invariant stationary mea-
sures is completely identified by [7], its proof relying the assumption (1.1). To complete
our proof of the hydrodynamic limit in the non-convex case, we need to identify the class
of translation invariant stationary measures as the class of Gibbs distributions.
This subject has been intensively studied in the literature, cf. [9] for stochastic Ising
models, [10] for the diffusion process on the infinite dimensional torus (R/Z)Z
d
, [5] for the
diffusion process on RZ
d
, [13] for the diffusion process on the infinite product MZ
d
with
a Riemannian manifold M with positive curvature. In this paper we show the similar
result, adapting the argument of [5] to gradient Gibbs distributions. The main challenge
here is the lack of ellipticity of the gradient dynamic, see Section 3 and 5 for details.
An alternative derivation of the hydrodynamic limit for the Ginzburg-Landau model
based on a two scale argument has been proposed by [8] and [6]. Unlike our proof, relying
on the assumption on the uniqueness of the extremal gradient Gibbs distribution, the
two scale argument uses logarithmic Sobolev inequalities. However, this approach seems
restricted to the one-dimensional case in [8], respectively strict convexity assumption for
the potential (1.1) in [6].
Before closing this section, let us give briefly the organization of this paper. In Sec-
tion 2, we formulate our problem more precisely, and state the main result. In Section 3,
we present some properties of translation invariant stationary measures, especially, the
relationship between stationarity and the Gibbs property, and some uniform estimates
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for their variances. Note that results in this section hold under the quite general As-
sumption 2.1. In Section 4, after establishing a priori bounds for stochastic dynamics and
summarize properties of the surface tension, we derive the macroscopic equation from the
stochastic dynamics. Here, we rely quite explicitly on the further Assumptions 2.2 and
2.3. In Section 5, we give a proof of Theorem 3.1, presented at Section 3.
2. Model and main result
2.1. Model. Let D be a bounded domain in Rd with a Lipschitz boundary. For conve-
nience, let D contain the origin of Rd. Let DN be the discretized microscopic domain
corresponding to D in the sense that
DN = {x ∈ Zd; B(x/N, 5/N) ⊂ D},
where B(α, l) stands for the hypercube in Rd with center α and side length l, that is,
B(α, l) =
d∏
i=1
[αi − l/2, αi + l/2).
On DN we consider the dynamics governed by the following stochastic differential equa-
tions (SDEs)
dφt(x) = −Ux(φt) dt+
√
2dwt(x), x ∈ DN , (2.1)
with the boundary condition
φt(x) = ψ
N (x), x ∈ Zd rDN (2.2)
with some ψN ∈ RZd and initial data φ0, where Ux(φ) = ∂H∂φ(x)(φ) for φ ∈ RDN and x ∈ DN ,
or more generally for φ ∈ RZd and x ∈ Zd. The height variable ψN in (2.2) is defined by
ψN(x) = Nd+1
∫
B(x/N,1/N)
f(θ) dθ (2.3)
for every x ∈ Zd, where f : Rd → R is a function belonging to C20(Rd). We note that
the function f describes the macroscopic boundary condition and the height variable ψN
describes the microscopic one.
We make the following assumption on the interaction potential V :
Assumption 2.1. The function V : R→ R has the following representation:
V (η) = V0(η) + g(η), η ∈ R,
where functions V0, g ∈ C2(R) are symmetric functions and satisfy
(1) There exist constants c+, c− > 0 such that
c− ≤ V ′′0 (η) ≤ c+, η ∈ R.
(2) There exists a constant Cg > 0 such that
|g′(η)|+ |g′′(η)| ≤ Cg, η ∈ R.
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Example 2.1. If a function V ∈ C2(R) is symmetric and satisfies
c ≤ V ′′(η) ≤ c′, |x| ≥ M
for some c, c′ > 0 and M > 0, then the function V admits the decomposition as in
Assumption 2.1. Indeed, we can take V0 as follows:
V0(x) =


1
2
V ′′(M)x2 − 1
2
V ′′(M)M2 + V (M) + αM, |x| ≤M,
V (x) + α|x|, |x| > M,
with α = V ′′(M)M − V ′(M). Letting g := V − V0, that is,
g(x) =


V (x)− V (M)− 1
2
V ′′(M)x2 +
1
2
V ′′(M)M2 − αM, |x| ≤ M,
−α|x|, |x| > M,
we can easily see that V0, g ∈ C2(R) and they fulfill conditions (1) and (2) in Assump-
tion 2.1.
Further assumptions dealing with the strict convexity of the surface tension and the
characterization of extremal gradient Gibbs measures are stated below, see Assump-
tions 2.2 and 2.3 for details.
We regard (2.1) as the model describing the motion of microscopic interfaces and in-
troduce the macroscopic height variable hN as follows:
hN (t, θ) =
∑
x∈Zd
N−1φN2t(x)1B(x/N,1/N)(θ), θ ∈ Rd,
where φt = {φt(x); x ∈ Zd} being the solution of (2.1) with (2.2).
2.2. Notations. Before stating the detail of our main result, we need to introduce several
notations. Note that we will follow the same manner as in [7] and [12].
Let (Zd)∗ be the set of all directed bonds b = (x, y), x, y ∈ Zd, |x − y| = 1 in Zd. We
write xb = x and yb = y for b = (x, y). We denote the bond (ei, 0) by ei again if it doesn’t
cause any confusion. For every subset Λ of Zd, we denote the set of all directed bonds
included Λ and touching Λ by Λ∗ and Λ∗, respectively. That is,
Λ∗ := {b ∈ (Zd)∗; xb ∈ Λ and yb ∈ Λ},
Λ∗ := {b ∈ (Zd)∗; xb ∈ Λ or yb ∈ Λ}.
For φ = {φ(x); x ∈ Zd} ∈ RZd , the gradient ∇ is defined by
∇φ(b) := φ(x)− φ(y), b = (x, y) ∈ (Zd)∗.
Now, let X be the family of all gradient fields η ∈ R(Zd)∗ which satisfy the plaquette
condition (2.1) in [7], i.e., X = {η ≡ ∇φ; φ ∈ RZd}. Let L2r be the set of all η ∈ R(Zd)∗
such that
|η|2r :=
∑
b∈(Zd)∗
|η(b)|2e−2r|xb| <∞.
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We denote Xr = X ∩L2r equipped with the norm | · |r. We introduce the dynamics ηt ∈ X
governed by the SDEs
dηt(b) = −∇U·(ηt)(b) dt+
√
2d∇wt(b), b ∈ (Zd)∗, (2.4)
where {wt(x); x ∈ Zd} is the family of independent one dimensional Brownian motions.
Since the coefficients are Lipschitz continuous in Xr, this equation has the unique strong
solution in Xr for every r > 0. Note that ηt := ∇φt defined from the solution φt of the
SDE (2.1) on DN satisfies (2.4) for b ∈ D∗N and boundary conditions ηt(b) = ∇ψN (b) for
b ∈ (Zd)∗ rD∗N when letting wt(x) ≡ 0 for x ∈ Zd rDN .
Since we define Gibbs measures on X by Dobrushin-Lanford-Ruelle (DLR, for short)
equation, we the finite volume Gibbs measure in advance. For a finite set Λ ⊂ Zd and
fixed ξ ∈ X , we define the affine space XΛ,ξ ⊂ X by
XΛ,ξ = {η ∈ X ; η(b) = ξ(b), b ∈ (Zd)∗ r Λ∗}.
We define the finite volume Gibbs measure µΛ,ξ on Λ∗ by
µΛ,ξ(dη) = Z
−1
Λ,ξ exp

−∑
b∈Λ∗
V (η(b))

 dηΛ∗,ξ,
where dηΛ∗,ξ is the Lebesgue measure on XΛ∗,ξ and ZΛ,ξ is the normalizing constant.
Let P(X ) be the set of all probability measures on X and let P2(X ) be those µ ∈ P(X )
satisfying Eµ[|η(b)|2] < ∞ for each b ∈ (Zd)∗. The measure µ ∈ P2(X ) is sometimes
called tempered. Let G be the family of translation invariant, tempered Gibbs measures
µ ∈ P2(X ) introduced by [7], namely, the family of µ ∈ P2(X ) satisfying the Dobrushin-
Lanford-Ruelle equation
µ(·|F(Zd)∗rΛ∗) = µΛ,ξ(·), µ-a.s. ξ, (2.5)
where F(Zd)∗rΛ∗ is the σ-algebra generated by
{
η(b); b ∈ (Zd)∗ r Λ∗}. Note that the
dynamics ηt given by (2.4) is reversible under µ ∈ G. We denote the family of µ ∈ G with
ergodicity under spatial shifts by Gext.
2.3. Assumptions on Gibbs measures and the surface tension. In order to derive
the hydrodynamic limit, we will assume both uniqueness of the extremal gradient Gibbs
distributions and strict convexity of the surface tension. These assumption are always
satisfied under (1.1), cf. see [4] and [7], or for non-convex potential V at sufficiently
high temperature, cf. [2] and [3]. On the other hand, at critical temperature, Biskup
and Kotecky´ give an example of gradient Gibbs measures with two different extremal
states, cf. [1]. The derivation of the corresponding hydrodynamic limit in this case is
very challenging open problem.
More precisely, let ΓN , N ∈ N be the periodic lattice (Z/NZ)d and Γ∗N be the set of all
directed bonds in ΓN . With XΓN = {∇φ ∈ RΓ∗N ; φ ∈ RΓN}, we consider the finite volume
Gibbs measure µ˜N,u on XΓN by
µ˜N,u(dη˜) = Z
−1
N,u exp

−1
2
∑
b∈Γ∗
N
V (η˜(b) + ub)

 dη˜,
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where dη˜ is Lebesgue measure on XΓN , ZN,u is the normalizing constant and ub is defined
by ub = ±ui for b = (x ± ei, x) with x ∈ ΓN and 1 ≤ i ≤ d. We denote the law of
{η(b) + ub} by µN,u.
Assumption 2.2. For each u ∈ Rd there exists a unique extremal µu ∈ Gext such that
Eµu [η(ei)] = ui.
Furthermore, it can be obtained as the weak limit of the periodic Gibbs µN,u as N →∞.
Under Assumption 2.2, the sequence {σN(u)} defined by
σN(u) := −|ΓN |−1 (logZN,u − logZN,0) ,
has a limit. We thus define the (normalized) surface tension surface tension σ(u), u ∈ Rd
by
σ(u) = lim
N→∞
σN (u). (2.6)
Moreover, we can show the following thermodynamic identities between the surface tension
and ergodic Gibbs measures:
Eµu [V ′(η(ei))] = ∇σ(u), u ∈ Rd, (2.7)
Eµu
[
d∑
i=1
η(ei)V
′(η(ei))
]
= u · ∇σ(u) + 1, u ∈ Rd, (2.8)
which will be shown in Section 4.2. They play an essential role in the derivation of the
hydrodynamic limit.
Further we need some technical assumption on the regularity of σ which are well known
in the strictly convex case (1.1), cf. [7] or in the high temperature regime [2].
Assumption 2.3. The surface tension σ is C1 and ∇σ : Rd → Rd is Lipschitz continuous.
Furthermore, σ is strictly convex in the following sense: there exist two constants C1, C2 >
0 satisfying
C1|u− v|2 ≤ (u− v) · (∇σ(u)−∇σ(v)) ≤ C2|u− v|2, u, v ∈ Rd. (2.9)
Remark 2.1. Note that the convexity of the surface tension, alternatively defined in terms
of fixed boundary conditions has been established in [11] under very general conditions.
Moreover, the strict convexity (i.e. lower bound in (2.9) with C1 > 0) is not essential for
the hydrodynamic limit since an approximation of σ could be implemented as in [7].
The following example shows that our Assumptions 2.2 and 2.3 hold in the high tem-
perature regime:
Example 2.2. We introduce a positive parameter β > 0 corresponding to the inverse
temperature, that is, the potential V takes the form
V (η) = β(V˜0(η) + g˜(η)),
where the symmetric functions V˜0, g˜ ∈ C2(R) satisfy
0 < c− ≤ V˜ ′′0 ≤ c+ <∞ −∞ < −d− < g˜′′ ≤ d+ <∞
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for some c− < d− and ‖g′′‖Lq(R) < ∞ for some q ≥ 1. Then for β0 = β0(c−, c+ +
d+, ‖g′′‖Lq(R)) > 0, (independent of d−!) of the form
β0 =
(c−)
3q
2d 22q(c+ + d+)q+1‖g′′‖2qLq(R)
both Assumptions 2.2 and 2.3 are satisfied when β ≤ β0, see [2] and its arXiv version
(arXiv:0807.2621v1 [math.PR]).
2.4. Main Result. The main result in this paper is the following:
Theorem 2.1. We assume Assumptions 2.1, 2.2 and 2.3. Furthermore, we assume that
there exists h0 ∈ C2(D) satisfying the following:
(1) The function h0 − f has a compact support in D.
(2) The sequence of initial data φ0 = φ
N
0 for (2.1) satisfies
lim
N→∞
E‖hN(0)− h0‖2L2(D) = 0, (2.10)
where hN(0) is the macroscopic height variable corresponding to φN0 .
Then, for every t > 0, hN(t) converges in L2 as N →∞ to h(t) which is the unique weak
solution of the partial differential equation (PDE)

∂
∂t
h(t, θ) = div
{
(∇σ)(∇h(t, θ))
}
≡
d∑
i=1
∂
∂θi
{
∂σ
∂ui
(∇h(t, θ))
}
, θ ∈ D, t > 0
h(t, θ) = f(θ), θ ∈ Dc, t ≥ 0
h(0, θ) = h0(θ), θ ∈ D,
(2.11)
where ∇h = (∂h/∂θi)di=1. Here, the function σ = σ(u) is the surface tension. More
precisely, for every t > 0,
lim
N→∞
E‖hN(t)− h(t)‖2L2(D) = 0 (2.12)
holds.
3. Stationary measures and estimate for variance
In this section, we mainly discuss properties of stationary measures of (2.4) while
working on the general assumption, Assumption 2.1. We believe that the results of this
section are relevant beyond the derivation of the hydrodynamic limit.
3.1. Generator of (2.4) and stationary measures. We at first note that the infini-
tesimal generator of (2.4) is given by
L
Z
d
=
∑
x∈Zd
Lx, (3.1)
where
Lx =
∑
b,b′∈(Zd)∗:xb=xb′=x
{
4
∂2
∂η(b)∂η(b′)
− 2V ′(η(b)) ∂
∂η(b′)
}
.
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To keep notation simple, we sometimes denote L Z
d
by L if it doesn’t cause any confusion.
We can see that the Gibbs property implies reversibility under (2.4), and therefore
stationarity, see Proposition 3.1 in [7] for details. We note that the same argument as
in [7] is applicable in quite general setting, including ours. In Theorem 2.1 of [7], the
equivalence of the Gibbs property and stationarity is shown using (1.1), here we show
this result using another approach.
Theorem 3.1. We assume Assumption 2.1. If µ ∈ P2(X ) is invariant under spatial shift
and a stationary measure corresponding to L , i.e.,∫
X
L f(η)µ(dη) = 0, f ∈ C2loc(X ),
then µ is a Gibbs measure, i.e., (2.5) holds.
Since the proof of Theorem 3.1 is slightly long, we postpone the proof until the end of
this paper, see Section 5.
3.2. Uniform bound for the variance for stationary measures. If the potential
V is a strictly convex function satisfying (1.1), we then get the uniform bound for the
variance for Gibbs measures as a direct consequence of the Brascamp-Lieb inequality. See
[4] for details. Our next result based on dynamical approach shows that the variance
remains bounded in the tilt u for general potentials under Assumption 2.1.
Theorem 3.2. We assume Assumption 2.1. Let Sext be the family of stationary measures
for the gradient field (2.4) which are tempered, translation invariant and ergodic under
spatial shift. The variance of η(b), b ∈ (Zd)∗ under µ are bounded from above by a constant
independent of µ, that is,
sup
µ∈Sext
Varµ[η(b)] <∞, b ∈ (Zd)∗
holds.
Proof. We shall show the desired bound by arranging the argument of the proof of Propo-
sition 2.1 of [7]. We fix µ ∈ Sext and we define the vector u = (ui)1≤i≤d ∈ Rd by
ui = E
µ[η((ei, 0))], 1 ≤ i ≤ d.
Let ηt ∈ X be the solution of SDEs (2.4) with initial distribution µ. Introducing φt ∈ RZd
by
φt(0) =
∫ t
0
U0(ηs) ds+
√
2wt(0)
and
φt(x) = φt(0) +
∑
b∈C0,x
ηt(b), x ∈ Zd,
where C0,x is an arbitrary chain connecting 0 to x, we then obtain that φt solves the SDEs
dφt(x) = −Ux(φt) dt+
√
2dwt(x), x ∈ Zd.
Our calculation will be based on the energy estimate for φt introduced above.
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Let ℓ ≥ 1 and Λ ≡ Λℓ = [−ℓ, ℓ]d ∩ Zd. For a deterministic ψ ∈ RZd with
ψ(x) = u · x, x ∈ Zd,
we obtain
d
∑
x∈Λ
(φt(x)− ψ(x))2 = −2
∑
x∈Λ
(φt(x)− ψ(x))Ux(φt) dt+ 2|Λ| dt+Mt
with a martingale Mt by Itoˆ’s formula. Performing summation-by-parts, we get∑
x∈Λ
(φt(x)− ψ(x))Ux(φt) = 1
2
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))V ′(∇φt(b))
−
∑
b∈Λ∗; xb∈Λ∁
(φt(xb)− ψ(xb))V ′(∇φt(b)).
We thus have ∑
x∈Λ
(φT (x)− ψ(x))2 = I0 + I1(T ) + I2(T ) + 2|Λ|T +MT , (3.2)
where I0, I1(T ) and I2(T ) are defined by
I0 =
∑
x∈Λ
(φ0(x)− ψ(x))2,
I1(T ) = −
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))V ′(∇φt(b)) dt,
I2(T ) = 2
∫ T
0
∑
b∈Λ∗; xb∈Λ∁
(φt(xb)− ψ(xb))V ′(∇φt(b)) dt.
From now on, we shall give bounds for expectations of I0, I1(T ) and I2(T ) separately.
We at first give a estimate for the expectation of I0. Here, the same argument as the
proof of (2.14) in [7] can be applied. That is, from ergodicity and temperedness of µ, we
have
lim
|x|→∞
1
|x|2E[(φ0(x)− ψ(x))
2] = 0, (3.3)
and this implies that
lim
ℓ→∞
ℓ−2|Λ|−1E[I0] = 0.
We therefore obtain that for every ǫ > 0 there exists ℓ0 ≥ 1 such that
E[I0] ≤ ǫℓ2|Λ| (3.4)
holds for every ℓ ≥ ℓ0.
We shall next calculate I1(T ) and its expectation. From Assumption 2.1, I1(T ) can be
calculated as follows:
I1(T ) = −
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))(V ′0(∇φt(b))− V ′0(∇ψ(b))) dt
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−
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))g′(∇φt(b)) dt
+
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))(V ′0(∇ψ(b))) dt
≤ −c−
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))2 dt
+ ‖g′‖∞
∫ T
0
∑
b∈Λ∗
|∇φt(b)−∇ψ(b)| dt
+
∫ T
0
∑
b∈Λ∗
(∇φt(b)−∇ψ(b))V ′0(∇ψ(b)) dt
=: I1,1(T ) + I1,2(T ) + I1,3(T ).
Using Schwarz’s inequality, we obtain the following estimate for the second term I1,2(T ):
I1,2(T ) ≤ 1
2
λ‖g′‖∞
∫ T
0
∑
b∈Λ∗
|∇φt(b)−∇ψ(b)|2 dt+ 1
2
λ−1‖g′‖∞
∣∣Λ∗∣∣T
for arbitrary λ > 0. If ‖g′‖∞ > 0 holds, we then have
I1,2(T ) ≤ 1
2
c−
∫ T
0
∑
b∈Λ∗
|∇φt(b)−∇ψ(b)|2 dt+ 1
2
c−1− ‖g′‖2∞
∣∣Λ∗∣∣T (3.5)
by taking λ = c−‖g′‖−1∞ . Note that the estimate (3.5) trivially holds when ‖g′‖∞ = 0.
Summarizing above and taking expectation, we obtain
E[I1(T )] ≤ −1
2
c−
∫ T
0
∑
b∈Λ∗
E[(∇φt(b)−∇ψ(b))2] dt+ 1
2
c−1− ‖g′‖2∞
∣∣Λ∗∣∣T.
Here, we have used
E[I1,3(T )] = 0,
which follows from the definition of ψ and u. From the relationship ∇φt = ηt, the
stationarity of µ and the definition of u, we have
E[(∇φt(b)−∇ψ(b))2] = Varµ[η(b)].
Since µ is translation invariant, we also have∑
b∈Λ∗
Varµ[η(b)] ≥ κ|Λ|
∑
b:xb=0
Varµ[η(b)]
with a constant κ > 0. Applying above, we finally conclude
E[I1(T )] ≤ −1
2
c−κT |Λ|
∑
b:xb=0
Varµ[η(b)] +
1
2
c−1− ‖g′‖2∞
∣∣Λ∗∣∣T. (3.6)
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We next calculate the expected value of I2(T ). Putting I˜2(T ) by
I˜2(T ) = 2
∫ T
0
∑
b∈Λ∗;xb∈Λ∁
(φt(xb)− ψ(xb))(V ′(∇φt(b))− V ′(∇ψ(b))) dt,
we have
E[I2(T )] = E[I˜2(T )]
from the definition of u. We shall thus calculate I˜2(T ) instead of I2(T ). Using Schwarz’s
inequality, we obtain
E[I˜2(T )] ≤ γℓ−1|∂Λ∗ℓ |
∫ T
0
sup
y∈∂Λ
E[(φt(y)− ψ(y))2] dt
+ γ−1ℓ
∫ T
0
∑
b∈Λ∗; xb∈Λ∁
E[(V ′(∇φt(b))− V ′(∇ψ(b)))2] dt
=: F2,1(T ) + F2,2(T ) (3.7)
for an arbitrary γ > 0, where ∂Λ∗ ⊂ (Zd)∗ and ∂Λ are define by
∂Λ∗ =
{
b ∈ Λ∗; xb ∈ Λ∁
}
,
∂Λ =
{
xb; b ∈ ∂Λ∗
}
.
For F2,2(T ), since V
′ is Lipschitz continuous, there exists a constant C > 0 such that
F2,2 ≤ Cγ−1ℓdT
∑
b:xb=0
Varµ[η(b)] (3.8)
by using the translation invariance of µ. For F2,1(T ), let us use a similar argument to the
proof of (2.12) in [7]. Taking Λ′ = Λ[ℓ/2], we have
(φt(y)− ψ(y))2 ≤ 2
(
φt(y)− ψ(y)− 1|Λ′|
∑
x∈Λ′
(φt(x)− ψ(x))
)2
+ 2
(
1
|Λ′|
∑
x∈Λ′
(φt(x)− ψ(x))
)2
=: A1 + A2
for every y ∈ ∂Λℓ. For the term A1, the calculations runs quite parallel to the argument
in [7] and we can obtain that for every ǫ > 0 there exists ℓ1 ≥ 1 such that
E[A1] ≤ ǫℓ2
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holds for every ℓ ≥ ℓ1. Let us give a bound for the term A2. Using Itoˆ’s formula, we
obtain
1
|Λ′|
∑
x∈Λ′
(φt(x)− ψ(x)) = 1|Λ′|
∑
x∈Λ′
(φ0(x)− ψ(x))
− 1|Λ′|
∫ t
0
∑
x∈Λ′
∑
b∈(Zd)∗;xb=x
V ′(ηs(b))ds+
1
|Λ′|
∑
x∈Λ′
wt(x)
and therefore we get
A2 ≤ 4
(
1
|Λ′|
∑
x∈Λ′
(φ0(x)− ψ(x))
)2
+ 4

 1
|Λ′|
∫ t
0
∑
x∈Λ′
∑
b∈(Zd)∗;xb=x
V ′(ηs(b))ds


2
+ 4
(
1
|Λ′|
∑
x∈Λ′
wt(x)
)2
=: A2,1 + A2,2 + A2,3.
Similarly to (3.4), we obtain that for every ǫ > 0 there exists ℓ2 ≥ 1 such that
E[A2,1] ≤ ǫℓ2
holds for every ℓ ≥ ℓ2. We also obtain
E [A2,3] =
2t
|Λ′|
by a simple calculation. We shall estimate the term A2,2. We note that
1
|Λ′|
∫ t
0
∑
x∈Λ′
∑
b∈(Zd)∗;xb=x
(V ′(ηs(b))− V ′(ψ(b)))ds = 1|Λ′|
∫ t
0
∑
b∈Bℓ
(V ′(ηs(b))− V ′(ψ(b)))ds,
where
Bℓ = {b ∈ (Zd)∗; xb ∈ Λ′, yb 6∈ Λ′}.
Here, we have used ∑
x∈Λ′
∑
b∈(Zd)∗;xb=x
V ′(ψ(b)) = 0,
which follows from the definition of ψ and the symmetry of V . We therefore obtain
E[A2,2] ≤ (c+ + Cg)
2|Bℓ|2t2
|Λ′|2
∑
b:xb=0
Varµ[η(b)].
Summarizing above, we conclude the following: for every ǫ > 0 there exists L ≥ 1 such
that
sup
y∈∂Λℓ
E[(φt(y)− ψ(y))2] ≤ C ′
(
ǫℓ2 + ℓ−2t2
∑
b:xb=0
Varµ[η(b)] + ℓ
−dt
)
(3.9)
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for every t ≥ 0 and ℓ ≥ L with a constant C ′ > 0. Note that the constant C ′ does not
depend on µ while L may depend on µ. Combining (3.7) with (3.8) and (3.9), we get the
following bound for E[I2]:
E[I2(T )] ≤ C ′γǫ2ℓT
∣∣∂Λ∗∣∣ + C ′γℓ−3T 3 ∣∣∂Λ∗∣∣ ∑
b:xb=0
Varµ[η(b)]
+ Cγ−1Tℓ
∣∣∂Λ∗∣∣ ∑
b:xb=0
Varµ[η(b)] + C
′γ
∣∣∂Λ∗∣∣ ℓ−d−1T 2 (3.10)
for every ǫ > 0 and ℓ large enough.
Inserting (3.4), (3.6) and (3.10) into the expectation of (3.2) divided by |Λ|T , we obtain(
1
2
c−κ− C ′γ
∣∣∂Λ∗∣∣ |Λ|−1ℓ−3T 2 − Cγ−1ℓ|Λ|−1|∂Λ∗|) ∑
b:xb=0
Varµ[η(b)]
≤ ǫ2ℓ2T−1 + 1
2
c−1− ‖g′‖2∞
∣∣Λ∗∣∣ |Λ|−1 + C ′γǫ2ℓ ∣∣∂Λ∗∣∣ |Λ|−1
+ C ′γℓ−d−1T
∣∣∂Λ∗∣∣ |Λ|−1
for every ǫ > 0 and ℓ large enough. Here, taking T = γ−1ℓ2 and recalling the definition
of Λ, ∂Λ∗ and Λ∗, we obtain(
1
2
c−κ− C1γ−1
) ∑
b:xb=0
Varµ[η(b)] ≤ C2ǫ2γ + C3 (3.11)
with constants C1, C2, C3 ≥ 0. We emphasize that constants appearing on (3.11) does not
depend on µ. Choosing γ large enough such that
1
2
c−κ− C1γ−1 > 0,
we conclude the desired bound. 
Remark 3.1. The argument in the proof of Theorem 3.2 can be applied also to the finite
volume Gibbs measures defined in Section 2.3. Under Assumption 2.1, the variance of
η(b), b ∈ (Zd)∗ under µN,u are bounded from above by a constant independent of u and
N , that is,
sup
N≥1
sup
u∈Rd
VarµN,u [η(b)] <∞, b ∈ (Zd)∗
holds. The above implies that the sequence {µN,u;N ≥ 1} is tight for given u ∈ Rd and
every limit point is a tempered, translation invariant Gibbs measure.
4. The proof of Theorem 2.1
In this section, we shall complete our main result, Theorem 2.1. To do so, we at first
summarize properties of the surface tension σ. The estimate established in the previous
sections will play a key role in the proofs. After that, we finish the proof of Theorem 2.1.
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4.1. A priori bounds for the macroscopic height variable. We shall derive the
bound corresponding to Proposition 4.1 in [12]. Once we have Proposition 4.1 and The-
orem 3.1 in Section 3, we can follow the argument of [12] assuming that the limit of the
initial datum is smooth enough.
Proposition 4.1. There exists a constant K > 0 depending f and V such that
E
∥∥hN(t)∥∥2
L2(D)
+ c−N
−dE
∫ t
0
∑
b∈D∗
N
(∇φNs (b))2 ds ≤ 2E ∥∥hN(0)∥∥2L2(D) +K(1 + t),
where φNs ∈ RZd is defined by φNs (x) := φN2s(x) for x ∈ Zd.
Proof. Using Itoˆ’s formula, we have
‖hN(t)− fN‖2L2(D) = N−d−2
∑
x∈DN
(
φN0 (x)− ψN(x)
)2
− 2N−d
∫ t
0
∑
x∈DN
(
φNs (x)− ψN(x)
)
∂xH(φ
N
s ) ds
+ 2N−d|DN |t+MNt ,
where MNt is a martingale. Performing the summation-by-parts at the second term in the
right hand side, we obtain
−2N−d
∫ t
0
∑
x∈DN
(
φNs (x)− ψN(x)
)
∂xH(φ
N
s ) ds
= −N−d
∫ t
0
∑
b∈D∗
N
∇φNs (b)V ′0(∇φNs (b)) ds
+N−d
∫ t
0
∑
b∈D∗
N
∇ψN(b)V ′0(∇φNs (b)) ds
−N−d
∫ t
0
∑
b∈D∗
N
(∇φNs (b)−∇ψN(b)) g′(∇φNs (b)) ds
=: N−d
∫ t
0
I1(s) ds+N
−d
∫ t
0
I2(s) ds+N
−d
∫ t
0
I3(s), ds.
Here, we have used the boundary condition φNt (x) = ψ
N (x) for x ∈ Zd rDN and t ≥ 0.
For the main part I1(s), we have
I1(s) ≤ −c−
∑
b∈D∗
N
(∇φNs (b))2
from the strict convexity of V0. Next, we have for I2(s)
|I2(s)| ≤ Cf
∑
b∈D∗
N
∣∣V ′0(∇φNs (b))∣∣
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≤ Cfc+
∑
b∈D∗
N
∣∣∇φNs (b)∣∣
≤ 1
4
c−
∑
b∈D∗
N
(∇φNs (b))2 + 4C2fc2+c−1− ∣∣∣D∗N ∣∣∣,
where the constant Cf is defined by
Cf := sup
1≤i,j≤d
sup
θ∈Rd
∣∣∣∣ ∂f∂θi (θ)
∣∣∣∣ .
Finally, for I3(s), we have
|I3(s)| ≤ Cg
∑
b∈D∗
N
∣∣∇φNs (b)−∇ψN(b)∣∣
≤ 2γCg
∑
b∈D∗
N
∣∣∇φNs (b)−∇ψN(b)∣∣2 + 2γ−1Cg∣∣∣D∗N ∣∣∣
≤ 4γCg
∑
b∈D∗
N
∣∣∇φNs (b)∣∣2 + 4γCg ∑
b∈D∗
N
∣∣∇ψN (b)∣∣2 + 2γ−1Cg∣∣∣D∗N ∣∣∣
for an arbitrary γ > 0. Choosing γ = c−(16Cg)
−1, we have∣∣∣∣∣∣
∑
b∈D∗
N
(∇φNs (b)−∇ψN(b)) g′(∇φNs (b))
∣∣∣∣∣∣
≤ 1
4
c−
∑
b∈D∗
N
∣∣∇φNs (b)∣∣2 +
(
1
4
c−C
2
f + 32C
2
gc
−1
−
) ∣∣∣D∗N ∣∣∣.
Summarizing above, we get
‖hN(t)− fN‖2L2(D) ≤ ‖hN(0)− fN‖2L2(D) −
1
2
c−N
−d
∫ t
0
∑
b∈D∗
N
(∇φNs (b))2 ds
+
(
4C2fc
2
+c
−1
− +
1
4
c−C
2
f + 32C
2
gc
−1
−
)
N−d
∣∣∣D∗N ∣∣∣t
+ 2N−d|DN |t+MNt .
Taking the expectation, we obtain the conclusion. 
4.2. Surface tension and thermodynamic identities. In this subsection, we verify
several properties of surface tension σ. Note that in view of our estimate of the variance,
Theorem 3.2, we easily can get the identity (2.7) following the argument of [7]. The proof
of the second equality (2.8) is more delicate, since, in view of the missing higher moment
estimate, we cannot apply immediately apply the argument of [7].
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Proposition 4.2. For every translation-invariant, ergodic Gibbs measure µu, we have
Eµu
[
d∑
i=1
η(ei)V
′(η(ei))
]
= u · ∇σ(u) + 1.
Proof. Let ℓ ≥ 1 and we denote Λℓ simply by Λ. We define ψ ∈ RZd by ψ(x) = u · x for
x ∈ Zd. We at first note that∑
b∈Λ∗
(η(b)−∇ψ(b))V ′(η(b)) = 2
∑
x∈Λ
(φ0,η(x)− ψ(x)) ∂H
∂φ(x)
(φ0,η)
− 2
∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(η(b))
holds by the summation-by-parts. Since we have
Eµu
[
2
∑
x∈Λ
(φ0,η(x)− ψ(x)) ∂H
∂φ(x)
(φ0,η)
]
= Eµu
[
EµΛ,ξ
[
2
∑
x∈Λ
(φ0,η(x)− ψ(x)) ∂H
∂φ(x)
(φ0,η)
]]
= 2|Λ| − 2
from the DLR equation and the integration-by-parts, we obtain
Eµu

∑
b∈Λ∗
(η(b)−∇ψ(b))V ′(η(b))


= 2|Λ| − 2− 2Eµu

 ∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(η(b))

 .
On the other hand, we have
Eµu

∑
b∈Λ∗
(η(b)−∇ψ(b))V ′(η(b))


= Eµu

∑
b∈Λ∗
η(b)V ′(η(b))

−∑
b∈Λ∗
∇ψ(b)Eµu [V ′(η(b))] ,
and therefore we obtain
Eµu

∑
b∈Λ∗
η(b)V ′(η(b))

 = ∑
b∈Λ∗
∇ψ(b)Eµu [V ′(η(b))] + 2|Λ| − 2
− 2Eµu

 ∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(η(b))

 .
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Since we have
lim
ℓ→∞
|Λ|−1Eµu

∑
b∈Λ∗
η(b)V ′(η(b))

 = 2Eµu
[
d∑
i=1
η(ei)V
′(ei)
]
by translation-invariance of µu and also have
lim
ℓ→∞
|Λ|−1
∑
b∈Λ∗
∇ψ(b)Eµu [V ′(η(b))] = 2u · ∇σ(u)
by translation-invariance of µu and the identity (2.7), we obtain the conclusion once we
have
lim
ℓ→∞
ℓ−dEµu

 ∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(∇φ(b))

 = 0. (4.1)
By Schwarz’s inequality, we have∣∣∣∣∣∣ℓ−dEµu

 ∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(∇φ(b))


∣∣∣∣∣∣
≤ γℓ−d sup
x∈∂Λ
Eµu [|φ0,η(x)− ψ(x))|2] + γ−1ℓ−dEµu

 ∑
b∈Λ∗,xb 6∈Λ
|V ′(∇φ(b))|2


≤ γℓ−d sup
x∈∂Λ
Eµu [|φ0,η(x)− ψ(x))|2] + γ−1ℓ−dC2+|∂Λ|Eµu

 ∑
b∈Λ∗,xb=0
∇φ(b)2


for an arbitrary γ > 0. Let us estimate the first term in the right hand side. Let us take
ǫ > 0 arbitrarily. We can then take ℓ0 ≥ 1 such that (3.9) with t = 0 holds for every
ℓ ≥ ℓ0. Choosing γ as γ = ℓ−1ǫ−1, we obtain∣∣∣∣∣∣ℓ−dEµu

 ∑
b∈Λ∗,xb 6∈Λ
(φ0,η(xb)− ψ(xb))V ′(∇φ(b))


∣∣∣∣∣∣
≤ ǫℓ−d+1 + ǫℓ−d+1C2+|∂Λ|Eµu

 ∑
b∈Λ∗,xb=0
∇φ(b)2

 ,
which shows (4.1) since ℓ−d+1|∂Λ| is bounded uniformly in ℓ. 
Finally, we shall establish similar decomposition for ∇σ as in Section 3.3 of [12]. Ap-
plying the arguments there, we can obtain the uniform Lp-bound with p > 2 and the
oscillation inequality for the discrete version of (2.11).
Proposition 4.3. There exist a Rd-valued function a(u) = (ai(u))1≤i≤d ∈ L∞(Rd)d and
a matrix-valued function A(u) = (Aij(u))1≤i,j≤d satisfying
c−I ≤ A(u) ≤ c+I, u ∈ Rd (4.2)
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such that the identity
∇σ(u) = A(u)u+ a(u), u ∈ Rd (4.3)
holds.
Proof. We at first recall the relationship between the surface tension σ and the Gibbs
measures:
∇iσ(u) = Eµu [V ′(η(ei))], 1 ≤ i ≤ d,
where µu is the ergodic Gibbs measure with mean u ∈ Rd. Using V0 and g in Assump-
tion 2.1, we shall take A(u) as
Aij(u) = E
µu
[∫ 1
0
V ′′0 (η(ei)− λui) dλ
]
δij , 1 ≤ i, j ≤ d
and a(u) as
ai(u) = E
µu [V ′0(η(ei)− ui)] + Eµu [g′(η(ei))], 1 ≤ i ≤ d.
It is easy to verify (4.3) and (4.2) with A(u) and a(u) defined above by using Assump-
tion 2.1. Furthermore, the property a(u) ∈ L∞(Rd)d is an immediate consequence of
Theorem 3.2 and Schwarz’s inequality. 
4.3. Derivation of the macroscopic equation. We shall at first summarize the prop-
erties satisfied by the solution h¯N for the discretized PDE introduced in Section 3.1 of
[12]. Since we have assumed the strict convexity of σ at Assumption 2.3, we obtain
a priori bounds for h¯N in C([0, T ], L2(D)) and L2([0, T ], H1(D)), see Proposition 3.1,
Corollary 3.2 in [12]. Furthermore, since we have (4.3), we obtain the uniform bound of
∇h¯N in Lp([0, T ]×D) and the oscillation inequality, see Propositions 3.3 and 3.4 in [12].
We next verify the coupled local equilibrium. Applying Theorem 3.1, Proposition 4.1
and the bound for h¯N stated above, we see that Proposition 4.2 in [12] is still valid.
Summarizing above, we obtain that the arguments in Section 4.4 works completely, and
we can finally conclude Theorem 2.1.
5. Proof of Theorem 3.1
Our proof follows the argument of [5] however special care is required in view of the
non ellipticity of the generator L .
5.1. Generator and Dirichlet form. In this section, we mainly discuss properties of
stationary measures of (2.4) while working on the general assumption, Assumption 2.1.
Since the calculation is based on the generator and the Dirichlet form, we shall introduce
them before starting discussion.
We recall that the infinitesimal generator of (2.4) is given by
L
Z
d
=
∑
x∈Zd
Lx, (5.1)
where
Lx =
∑
b,b′∈(Zd)∗:xb=xb′=x
{
4
∂2
∂η(b)∂η(b′)
− 2V ′(η(b)) ∂
∂η(b′)
}
.
We also recall that we sometimes denote L Z
d
by L for simplicity.
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We also introduce the finite version of (5.1). We at first introduce the state space for
that. We define XΛ ⊂ RΛ∗ for a finite set Λ ⊂ Zd by
XΛ = {η ≡ ∇φ ∈ RΛ∗ ; φ ∈ RΛ}.
Note that XΛ,ξ introduced in Section 2.2 and XΛ are state spaces for the dynamics with
the boundary condition given by ξ and free boundary condition, respectively. For a finite
set Λ ⊂ Zd we define the differential operator L Λ and L Λ,f by
L
Λ =
∑
x∈Λ
Lx (5.2)
and
L
Λ,f =
∑
x∈Λ
L
Λ,f
x , (5.3)
respectively. Here, L Λ,fx is the operator defined by
L
Λ,f
x =
∑
b,b′∈Λ∗:xb=xb′=x
{
4
∂2
∂η(b)∂η(b′)
− 2V ′(η(b)) ∂
∂η(b′)
}
.
The former is the generator associated to the dynamics ηΛt on XΛ,ξ for given ξ ∈ X , which
is governed by SDEs{
dηΛt (b) = −∇U·(ηΛt )(b) dt+
√
2dwt(b), b ∈ Λ∗,
ηΛt (b) ≡ ξ(b), b ∈ (Zd)∗ r Λ∗.
The dynamics ηΛt is reversible under the finite volume Gibbs measure µΛ,ξ introduced in
Section 2.2. The latter is the generator associated to ηΛ,ft governed by SDEs
dηΛ,ft (b) = −∇UΛ· (ηΛ,ft )(b) dt+
√
2dwt(b), b ∈ Λ∗,
on XΛ∗ , which corresponds to the dynamics (2.4) with free boundary condition. The
character “f” in notions means free boundary condition. Here, HΛ and UΛx are defined by
HΛ(η) =
∑
b∈Λ∗
V (η(b)),
UΛx (η) =
∑
b∈Λ∗;xb=x
V ′(η(b))
for η ∈ XΛ∗ . Note that ηΛ,ft is also reversible and the reversible measure is
µΛ,f(dη) = Z
−1
Λ,f exp
(−HΛ(η)) dηΛ∗ ,
on XΛ∗ , where dηΛ∗ is the Lebesgue measure on XΛ∗ and ZΛ,f is the normalizing constant.
The Dirichlet form associated to ηΛ,ft is given by
E
Λ,f(f, g) =
∫ ∑
x∈Λ
( ∑
b∈Λ∗:xb=x
∂f
∂η(b)
)( ∑
b∈Λ∗:xb=x
∂g
∂η(b)
)
µΛ,f(dη),
which plays a key role in the proof of the main theorem in this section, Theorem 3.1.
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5.2. Proof of Theorem 3.1. In this subsection, let us complete the proof of Theorem 3.1,
which is based on the method of [5]. Main tool is the integration-by-parts formula for
L Λ,f and entropy production rate. For the computation, we introduce a small lemma:
Lemma 5.1. Let Λ be a finite subset of Zd.
(1) Let p : R → R be a probability density on R. Then, the image measure of
p(φ(0))
∏
x∈Λ dφ(x) by the discrete gradient ∇ is nothing but the Lebesgue mea-
sure on XΛ∗.
(2) If f : RΛ → R is the form f(φ) = F (∇φ), then
∂f
∂φ(x)
= 2
∑
b:xb=x
∂F
∂η(b)
(∇φ)
holds. Especially, if F is FΛ∗-measurable, we have
∂f
∂φ(x)
= 2
∑
b∈Λ∗:xb=x
∂F
∂η(b)
(∇φ)
Proof. It is easy to see that∫
F (∇φ)δu(dφ(0))
∏
x∈Λr{0}
dφ(x) =
∫
F (∇φ)δv(dφ(0))
∏
x∈Λr{0}
dφ(x)
for every u, v ∈ R and bounded F : XΛ∗ → R, which indicates that the integral∫
F (∇φ)p(dφ(0))
∏
x∈Λ
dφ(x)
does not depend in the choice of a probability density p. Now, we check that the image
measure has uniformity in XΛ. For ξ ∈ XΛ∗ , there exists the ψ ∈ RΛ such that ψ(0) = 0
and
ξ(b) = ∇ψ(b)
holds. For a bounded function F : XΛ∗n → R, we have∫
F (∇φ+ ξ)p(φ(0))
∏
x∈Λ
dφ(x) =
∫
F (∇(φ+ ψ))p(φ(0))
∏
x∈Λ
dφ(x)
=
∫
F (∇φ)p(φ(0))
∏
x∈Λ
dφ(x),
which shows the first assertion.
For F = F (∇φ), we obtain
∂F
∂φ(x)
=
∑
b:xb=x
∂F
∂η(b)
−
∑
b:yb=x
∂F
∂η(b)
= 2
∑
b:xb=x
∂F
∂η(b)
,
which shows the second assertion. 
Let us start to prove Theorem 3.1. We at first introduce Φλ : R→ R by
Φλ(u) =
λ
a
(
1 + (λu)2
)−m
,
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where
a =
∫
R
(1 + u2)−mdu.
For Λn := [−n, n]d ∩ Zd we define Φλn : XΛ∗n → R by
Φλn(η) =
∏
x∈Λn
Φλ(φ
η,0(x)),
where φη,a is the height variable satisfying ∇φη,a = η and φη,a(0) = a. Note that φη,a is
uniquely determined by η and a. We also define pλn(η) by
pλn(η) =
∫
Φλn(η − ξ)µ(dξ).
Applying Lemma 5.1, we can easily verify that pλn(η) is probability density on R
XΛ∗n . Let
Ψλn(η, ξ) = Φ
λ
n(ξ − η). Since Ψλn(·, ξ) ∈ C2loc(X ), we have∫
LΨλn(·, ξ)(η)µ(dη) = 0.
Multiplying F (ξ) ∈ C2loc(X ) whose support is in Λ∗n, and integrating in ξ by the uniform
measure on XΛ∗n , we obtain∫∫
F (ξ)LΨλn(·, ξ)(η)µ(dη)dξΛ∗n = 0. (5.4)
Applying Lemma 5.1, the right hand side is calculated as follows:
∫∫
F (∇ψ)
∑
x∈Zd

∂2Ψλn(η,∇·)
∂ψ(x)2
+

 ∑
b∈(Zd)∗:xb=x
V ′(η(b))

 ∂Ψλn(η,∇·)
∂ψ(x)

 νΛn,p(dψ)µ(dη),
where νΛn,p is the measure on R
Λn defined by
νΛn,p(dψ) = p(ψ(0))
∏
x∈Λn
dψ(x)
with a probability density p on R. Here, we have used the relationship
∂Ψλn(∇·,∇ψ)
∂φ(x)
(φ) = − ∂Φ
λ
n
∂φ(x)
(∇ψ −∇φ) = −∂Ψ
λ
n(∇φ,∇·)
∂ψ(x)
(ψ)
∂2Ψλn(∇·,∇ψ)
∂φ(x)2
(φ) =
∂2Φλn
∂φ(x)2
(∇ψ −∇φ) = ∂
2Ψλn(∇φ,∇·)
∂ψ(x)2
(ψ)
for x ∈ Zd by the symmetry of Φλ. Noting
∂Φλn
∂φ(x)
≡ 0, x ∈ Λ∁n,
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we obtain that the right hand side of (5.4) is computed as follows:∫∫
F (∇ψ)
∑
x∈Λn
∂2Ψλn(η,∇·)
∂ψ(x)2
νΛn,p(dψ)µ(dη)
+
∫∫
F (∇ψ)
∑
x∈Λn

 ∑
b∈(Zd)∗:xb=x
V ′(η(b))

 ∂Ψλn(η,∇·)
∂ψ(x)
νΛn,p(dψ)µ(dη)
=: I1 + I2.
We shall first calculate I1. Performing integration-by-parts in ψ, we have
I1 = −
∫∫ ∑
x∈Λn
∂F (∇·)
∂ψ(x)
∂Ψλn(η,∇·)
∂ψ(x)
νΛn,p(dψ)µ(dη) (5.5)
−
∫∫
F (∇ψ)∂Ψ
λ
n(η,∇·)
∂ψ(0)
p′(ψ(0))
∏
x∈Λn
dψ(x)µ(dη).
Noting that integrands of I1 and the first term in the right hand side of (5.5) are function
of ∇ψ, each integral does not depend on the choice of p by Lemma 5.1 and therefore the
second term does not also. On the other hand, since the second term converges to zero if
taking the limit p→ 0 with p′ → 0, we conclude that the second term must be zero.
Let us choose F as
F (∇ψ) = f
(
pλn(∇ψ)
qn(∇ψ)
)
, (5.6)
with some bounded smooth function f : R→ R and
qn(η) = exp
(−HΛ(η)) , η ∈ XΛ∗n .
Noting
∂pλn(∇·)
∂ψ(x)
=
∫
∂Ψλn(η,∇·)
∂ψ(x)
µ(dη),
we have
I1 = −
∑
x∈Λn
∫
f ′
(
pλn(∇ψ)
qn(∇ψ)
)(
∂
∂ψ(x)
(
pλn(∇·)
qn(∇·)
))2
qn(∇ψ)νΛn,p(dψ)
+
∑
x∈Λn
∫
f ′
(
pλn(∇ψ)
qn(∇ψ)
)
UΛx (∇ψ)pλn(∇ψ)νΛn,p(dψ). (5.7)
Next, we shall compute I2. Performing the integration-by-parts in ψ(x) again, we have
I2 = −
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
Ux(η)Ψ
λ
n(η,∇ψ)νΛn,p(dψ)µ(dη)
= −
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
(
Ux(η)− UΛx (η)
)
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη)
−
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
(
UΛx (η)− UΛx (∇ψ)
)
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη)
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−
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
UΛx (∇ψ)pλn(∇ψ)νΛn,p(dψ).
Summarizing (5.4), (5.7) and above, we obtain∑
x∈Λn
F λx (n, f) = −
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
(
Ux(η)− UΛx (η)
)
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη) (5.8)
−
∑
x∈Λn
∫∫
∂F (∇ψ)
∂ψ(x)
(
UΛx (η)− UΛx (∇ψ)
)
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη)
=:
∑
x∈Λn
Rλ1,x(n, f) +
∑
x∈Λn
Rλ2,x(n, f)
if we take F as in (5.6), where F λx (n, f) is defined by
F λx (n, f) :=
∫
f ′
(
pλn(∇φ)
qn(∇φ)
)(
∂
∂φ(x)
(
pλn(∇·)
qn(∇·)
))2
qn(∇φ)νn,p(dφ) (5.9)
We note that if we can take f(u) = log u, the left hand side coincides with the entropy
production rate, that is, ∑
x∈Λn
F λx (n, f) = E
Λ,f
(√
rλn,
√
rλn
)
(5.10)
holds, where rn is the probability density with respect to µ
Λ,f given by
rλn = ZΛ,fp
λ
nq
−1
n .
In this case, we simply denote F λx (n, f) by F
λ
x (n). Before continuing the discussion for
(5.8), we shall verify the integrability of integrands in (5.9) with f(u) = log u.
Lemma 5.2. For every n, λ, x, the integral (5.9) is finite if f(x) = log x.
Proof. We at first note that
F λx (n) =
∫ (
(pλn)
−1∂p
λ
n(∇·)
∂φ(x)
− q−1n
∂qn(∇·)
∂φ(x)
)2
pλn(φ)νn,p(dφ).
By the definition of Φλ, we have for x 6= 0
∂pλn(∇·)
∂φ(x)
=
∫
(−2mλ2) φ(x)− φ(0)− φ
ξ,0(x)
1 + λ2(φ(x)− φ(0)− φξ,0(x))2Φ
λ
n(ξ −∇φ)µ(dξ)
and ∣∣∣∣∂pλn(∇·)∂φ(x)
∣∣∣∣ ≤mλ
∫
Φλn(ξ −∇φ)µ(dξ) = mλpλn(∇φ).
Here, we have used
max
u∈R
∣∣∣∣ u1 + λ2u2
∣∣∣∣ = 12λ.
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On the other hand, we have for x = 0
∂pλn(∇·)
∂φ(0)
=
∫
2mλ2
∑
x∈Λn
φ(x)− φ(0)− φξ,0(x)
1 + λ2(φ(x)− φ(0)− φξ,0(x))2Φ
λ
n(ξ −∇φ)µ(dξ)
and ∣∣∣∣∂pλn(∇·)∂φ(0)
∣∣∣∣ ≤ mλ|Λn|
∫
Φλn(ξ −∇φ)µ(dξ) = mλ|Λn|pλn(∇φ).
We conclude that (pλn)
−1∂pλn(∇·)/∂φ(x) is square-integrable.
Next, let us verify that (qn)
−1∂qn(∇·)/∂φ(x) is also square-integrable. Note that
UΛnx (∇φ) = q−1n
∂qn(∇·)
∂φ(x)
,
and ∫
UΛnx (∇φ)2pλn(∇φ)νn,p(dφ)
≤ 2
∫∫
UΛnx (ξ)
2Φλn(∇φ− ξ)νn,p(dφ)µ(dξ)
+ 2
∫∫ (
UΛnx (ξ)− UΛnx (∇φ)
)2
Φλn(∇φ− ξ)νn,p(dφ)µ(dξ)
≤ 2
∫
bx(ξ, n)
2µ(dξ)
+K
∫∫ ∑
b∈Λ∗n:xb=x
|ξ(b)−∇φ(b)|2Φλn(∇φ− ξ)νn,p(dφ)µ(dξ)
for some K > 0 from Lipschitz continuity of V ′. It is easy to see that the first term is
finite by using temperedness of µ. We can obtain that the second term is also finite since
we have ∫∫
|ξ(b)−∇φ(b)|2Φλn(∇φ− ξ)νn,p(dφ)µ(dξ) (5.11)
≤ 2
∫∫ ∣∣φξ,0(xb)− φ(xb) + φ(0)∣∣2Φλn(∇φ− ξ)νn,p(dφ)µ(dξ)
+ 2
∫∫ ∣∣φξ,0(yb)− φ(yb) + φ(0)∣∣2Φλn(∇φ− ξ)νn,p(dφ)µ(dξ).
and ∫
R
(x− a)2Φλ(x− a) dx ≤ Cλ−2 (5.12)
by the definition of Φ. 
Using F (n), we can now bound the right hand side of (5.8):
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Lemma 5.3. Assume that the function f satisfies 0 ≤ uf ′(u) ≤ 1 for every u > 0. We
then have bounds for Rλ1,x(n, f) and R
λ
2,x(n, f) in (5.8) as follows:∣∣Rλ1,x(n, f)∣∣ ≤ K1Cx(n)1/2F λx (n)1/2 (5.13)∣∣Rλ2,x(n, f)∣∣ ≤ K2λ−1F λx (n)1/2 (5.14)
with some constants K1, K2 > 0 independent in n and λ, where Cx(n) is defined by
Cx(n) =
∑
b∈(Zd)∗rΛ∗:xb=x
∫
c2b(η, n, µ)µ(dη),
cb(η, n, µ) =
∫
V ′(η(b))µ(dη|F(Λ∗n)∁)(η).
Proof. We at first obtain∫∫
f ′
(
pλn
qn
)2(
∂
∂ψ(x)
(
pλn
qn
))2
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη)
≤
∫∫ (
pλn
qn
)−1(
∂
∂ψ(x)
(
pλn
qn
))2
qn(∇ψ)νΛn,p(dψ) = F λx (n)
by the assumption on f . We therefore get
∣∣Rλ1,x(n, f)∣∣ ≤ F λx (n)1/2
(∫∫ (
Ux(η)− UΛx (η)
)2
Ψλn(η,∇ψ)νΛn,p(dψ)µ(dη)
)1/2
≤ KF λx (n)1/2

∫ ∑
b∈(Zd)∗rΛ∗:xb=x
c2b(η, n, µ)µ(dη)


1/2
for some constant K1 > 0, which shows (5.13). We note that R
λ
1,x(n) is equal to zero if x
is not on the boundary of Λn. Also for (5.14), we obtain
∣∣Rλ2,x(n, f)∣∣ ≤ F λx (n)1/2
(∫∫ (
UΛx (η)− UΛx (∇ψ)
)2
Φλn(η −∇ψ)νΛn,p(dψ)µ(dη)
)1/2
≤ K2λ−1F λx (n)1/2
for some constant K2 > 0 by applying (5.11) and (5.12) again. 
Summarizing above and applying Schwarz’s inequality, we obtain∑
x∈Λn
F λx (n, f) ≤
∑
x∈Λn
(F λx (n))
1/2(K1Cx(n)
1/2 +K2λ
−1
≤ 1
2
∑
x∈Λn
F λx (n) +K
2
1
∑
x∈Λn
Cx(n) +K
2
2λ
−2.
By taking limit f(u) to log u with keeping 0 ≤ uf ′(u) ≤ 1 and applying Fatou’s lemma.∑
x∈Λn
F λx (n) ≤ 2K21
∑
x∈Λn
Cx(n) + 2K
2
2λ
−2 |Λn| . (5.15)
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Here, using Jensen’s inequality and shift-invariance and temperedness of µ, we get∫
cb(ξ, n, µ)
2µ(dξ) ≤ K <∞,
with a constant K > independent of n and b, and therefore get∑
x∈Λn
Cx(n) ≤ 2dK|Λn r Λn−1|. (5.16)
Summarizing (5.15) and (5.16), we get∑
x∈Λn
F λx (n) ≤ 4dK21K|Λn r Λn−1|+ 2K22λ−2|Λn|. (5.17)
We note that the left hand side of (5.17) coincides with the entropy production rate, that
is, the identity∑
x∈Λn
F λx (n) = E
Λn,f(
√
rλn,
√
rλn)
= sup
{∫
XΛ∗n
−L Λ,fu
u
dµλn; u ∈ C2b (X ), FΛ∗-measurable, u ≥ 1
}
holds, where the probability measure µλn on Λ
∗
n is defined by dµ
λ
n = r
λ
ndµ
Λn,f . We note
that the core of Dirichlet form E Λn,f is the family of smooth FΛ∗n-measurable functions.
For ℓ ∈ N, let us take Λ˜ ⊂ Λn by
Λ˜ =
⋃
x∈((2ℓ+3)Z)d ;Λℓ(x)⊂Λn−1
Λℓ(x),
where Λℓ(x) = Λℓ + x. Because boxes Λℓ(x) appearing above are disjoint, we get∑
x∈((2ℓ+3)Z)d ;Λℓ(x)⊂Λn−1
∑
y∈Λℓ(x)
F λy (n) ≤
∑
x∈Λn
F λx (n).
On the other hand, we have ∑
y∈Λℓ(x)
F λx (n) = I
Λℓ(x)(µλn),
where the right hand side is the entropy production rate defined by
IΛ(µ˜) := sup
{∫ −L Λu
u
dµ˜; u ∈ C2b (X ), FΛ∗-measurable, u ≥ 1
}
for a finite Λ ⊂ Zd and µ˜ on X or XΛ∗n with n large enough. Repeating the argument as
in the proof of Lemma 4.2 in [7], we obtain the Gibbsian property of µ.
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